UNCLASSIFIED
w0 295 144

Reproduced
by the

ARMED SERVICES TECHNICAL INFORMATION AGENCY
ARLINGTON HALL STATION
ARLINGTON 12, VIRGINIA

UNCLASSIFIED



NOTICE: When govermment or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U. S.
Government thereby incurs no responsibility, nor any
obligation whatsoever; and the fact that the Govern-
ment may have formulated, furnished, or in any way
supplied the said drawings, specifications, or other
data is not to be regarded by implication or other-
vise as in any manner licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that may in any way be related
thereto.



~

A E5-2-3
“H =
[ Ton) — ’
N !
N | LL™D |

MEMORANDUM) & |
RM-3270-PR N
JANUARY 1863 1

=
=
= .
o
o .
52
o THE GROWTH OF
= <T THE HYPERSONIC TURBULENT WAKE
g R BEHIND BLUNT AND SLENDER BODIES
Paul 8. Lykoudis
h 0 T ‘ A
r':) T EarA j_}'n
EFB 4 1968 3
SYCHIR T A =
TISIA

PREPARED FOR: :
UNITED STATES AIR FORCE PROJECT RAND

The Q-ﬂ n DM

SANTA MONICA * CALIFORNIA




MEMORANDUM

RM-3270-PR
JANUARY 1083

THE GROWTH OF
THE HYPERSONIC TURBULENT WAKE

BEHIND BLUNT AND SLENDER BODIES
Paul S. Lykoudis

This research is sponsored by the United States Air Force under Project RAND — Con-
tract No. AF 49(638)-700 - monitored by the Directorate of Development Planning,
Deputy Chief of Stafl, Research and Technology, Hq USAF. Views or conclusions con-
tained in this Memorandum should not be interpreted as representing the official opinion
or policy of the United States Air Force. Permission to quote from or reproduce portions
of this Memorandum must be obtained from The RAND Corporation.

e LU 1D s

1700 MAIN St + SANTA MONICA « CALIFORNMIA




111

PREFACE

This Memorandum is a part of continuing RAND studies on the be-
havior of bodies re-entering the atmosphere at high velocities. The
results should be of interest to those engaged in predicting, under-

standing, and evaluating the characteristics of hypersonic trails in
the atmosphere.



SUMMARY

An attempt is made to develop a theory for the calculation of
the growth of the turbulent wake formed behind a blunt body moving
at hypersonic speeds. The classical, semiempirical subsonic-wake
theory based on the notion of eddy diffusivity is used throughout,
duly modified to account for compressibility effects. The gas is
assumed to be in thermodynamic equilibrium, A number of suitable
approximations are made, resulting in a closed=form solution.

Several plots showing the growth of the width of the turbulent
core downstream are presented for different Mach numbers and differ~
ent values of the enthalpy prevailing at the center of the "neck"
of the wake. It is found that compressibility effects for blunt
bodies are limited in general up to about 1000 diameters downstream.
Beyond this distance the wake grows with the 1/3 power rule, like a
subsonic incompressible wake, with no dependence on the Mach number.

The fundamental equations are also written for sharp bodies for
which the boundary-layer effects are important. It is found that the
enthalpy decay along the axis downstream is faster for thin bodies

than it is for blunted ones.
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SYMBOLS

excess amplitude of turbulent-enthalpy profile, defined in
Eq. (19)

numerical constant used in Eqs. (2) and (10)

parabolic "width" of turbulent-enthalpy profile, defined
in Eq. (20)

drag coefficient

body diameter

velocity ratio defined in Eq. (5)

nondimensional enthalpy, defined in Eq. (7)

enthalpy

hflha

free-stream Mach number

pressure

Howarth variable in the radial direction, defined in Eq. (4)
nondimensional co-ordinate describing bow shock wave
turbulent variable in the radial direction, defined in Eq. (14)
radial co-ordinate

nose radius

r/r,

free-stream velocity

velocity in the x direction

co-ordinate along the direction of the free stream

distance downstream at which the pressure is ambient for
every streamline, given by Eq. (1)

x/d

ratio of specific heats, cp/cv



xii

= numerjical constant used in Eq. (2)
€ = compressible eddy diffusivity defined in Eq. (12)
€ = eddy diffusivity defined in Eq. (15)

¢ = numerical coefficient used for the definition of the eddy
diffusivity

A = fraction of the stagnation enthalpy calculated at the "fieck"
of the turbulent core; see Eq. (35)

P = mass density

SUBSCRIPTS
f = the turbulent front
i = an initial condition

o = the free stream



L, INTRODUCTION

It is a matter of common observation that the motion of bodies
in fluids produces a trail which very often persists over distances
many times the characteristic length of the body. Theoretical and
experimental studies consist primarily of descriptions of the distri-
bution of momentum defect downstream, At low speeds this defect is
associated with the viscous layer only. At supersonic speeds, how-
ever, the major part of the momentum defect for a blunt object is due
to the irreversibility created by the shock wave. The maximum irre-
versibility (and hence the maximum defect) for an axisymmetric body
appears on the axis parallel to the flow where the shock is normal,
with smaller irreversibilities and hence smaller momentum defects,
corresponding to streamlines located farther away from the axis.

The structure of the flow for a spherical object moving at hyper-
sonic speeds can be seen in Fig, 1. The fluid is compressed through
the bow shock wave and expanded isentropically until it is recompressed
again by the so-called trailing shock. Then it expands again until
all streamlines reach the ambient pressure at a distance denoted by
X=X This distance can be calculated as indicated in Ref. 1 by
using the blast-wave theory, although this theory allows only for the
bow shock wave and neglects the details of the flow from the bow shock
to the point x = X, The latter has been shown in Refs. 1 and 2* to
create a small amount of irreversibility when compared with the bow
shock wave, so that if one is interested in calculating the flow at
a distance far enough downstream, its influence can be neglected in
a first approximation. In nondimensional terms, the distance X, is
given in Ref. 1 as

oo B
a "

1)

In the above, d is the diameter of the sphere and M is the free-stream

*
Also private communication from L. Hromas, Space Technology
Laboratories.
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Mach number. Feldman, in Ref., 2, was the first to analyze the flow

of a hypersonic trail around a blunt body. By standard numerical
techniques he calculated the flow around a hemisphere followed by a
cylinder by assuming inviscid flow of a real gas in thermodynamic
equilibrium. At the cross section x = X, he assumed that the enthalpy
profile is given by a Gaussian distribution, the width of which he ob~
tained by a best fit of his numerical results. From there on he as-
sumed that further cooling occurred by the mechanism of heat conduc-
tion only. He was thus able to determine all thermodynamic parameters,
including electron concentration, up to the point where the ambient
state is reached.

In Ref. 1 it was shown that the inviscid enthalpy profile at the
crogs section x = x, can be approximated analytically in a closed form
by assuming a parabolic bow shock wave as given by the cylindrical-
blast-wave theory. The result is

h. (R)
Zo = 1 )
hxo(O) (1 . &)l/vL

aCD

In the above, Rs is the nondimensional radius (with respect to the
radius of the nose ro) determining a stream tube entering the bow

shock wave (see Fig. 1) and is related to the nondimensional radius
Ts= r/ro of the same stream tube at the cross section x = X, by the

equation of mass continuity

papmksdks - pxouxordr 3

Feldman indicated from his numerical calculations that the ratio

u, /U°° >~ 0.8, 80 in this sense the radius Rs is almost equivalent to
[+

the Howarth variable R, given as

2 o2
fR R, (4)



where

£ = u fu, (5)
o

In Appendix A it is shown that f is given approximately in a
clesed form by the expressien

£ ﬂ\/{-g-}-_; (6)

For Mach numbers between 15 and 35, £ varies between 0,77 and 0,83,
and it is thus seen that the Mach-number dependence is indeed very
weak, Froem the condition that the stagnatien enthalpy remains con-
stant everywhere in the inviscid flow field, we obtain

H = hxo(O) - 1+Q—'M )
h, 2

For the quantity f, Eq. (6) could be substituted above, thus obtain-
ing Eq. (A-2) again; however, if we enter the value f = 0.8, the re-
sult is a good approximation for Mach numbers of 10 and above to the
exact values that can be obtained by using real-gas effects. Also,
by neglecting unity compared to the term containing the Mach number
in Eq. (7), we obtain

H-LL-_L).E.Z_ (8)

6

*
The parameter a in Eq. (2) and the drag coefficient CD determine the

shape of the shock wave from blast-wave theory to be

R, = (acpl/ “J;‘:— (9)

*
This coefficient accounts only for the pressure drag.




The parameter YL is an effective cp/cv ratio, which as shown in Ref. 1
has the approximate value of 1.2. The value of a is approximately
equal to 2.6,

In Ref. 1 it was also shown that a good approximation of Eq. (2)

is
hx (R)
0 H H
o~ = (10)
h°° 1+ éﬁn_z 1 + ﬁ
C C
Lp D

In the above, the values of £ >~ 0.8, a = 2,6, and Y, = 1.2 have been
used, This relation is in good agreement with numerical results ob-
tained through the method of characteristics in Refs. 2 and 3. A
comparison is shown in Fig. 2, where the exact value for H was used
in Eq. (10) rather than the approximation of Eq. (8).

Further inspection of Fig. 1 shows that the trailing shock is
formed around a "neck" which presumably contains the mass flowing
through the boundary layer over the sphere. From the point of view
of total momentum defect (and hence drag) contained in the neck, sim-
ple calculations by Lees and Hromas show that for a typical hypersonic
flight this amount is very small compared with the total drag.(s)
They point out that this drag represents the sum of the skin-friction
drag on the body and the mementum defect associated with the pressure
rise across the trailing shock at the neck. Their estimate of these
two contributions at the neck is given for the cylindrical case as

(cn)neck = :/:E (a1

This result should be multiplied by Q/E for the axisymmetric case.
The Reynolds number is based on the diameter and free-stream condi-
tions.

Turbulence is always associated with regions of high vorticity,
which in the present case is the free shear layer formed after



G'8 =N 10} YoM
juasaid yyum paiodwod ¢ jay woiy s3|jjoid Adjpyjua piosiau| — 2 ‘bi4

Q0
- Du

]
g2 4 Sl l S0 0

NIOM judsSdid 00 \

(£)2dDYS RI0ys [DjUBWIIAAXD WO —— \

{©)SPI'0=Y I0 Paydjow \
|DI}UAUOAXS PUD UDISSNDG ——

\
| | ] 1




separation occurs. Although conclusive experimental study of the so-
called "near wake" region is still lacking,* we shall assume that
turbulence is present in the region near the neck, engulfing the fluid
mass downstream that has gone over the blunt body threugh the inviscid
part of the wake. The "engulfing" mechanism for the first few diam-
eters downstream of the neck will be dictated solely by expansion,
since just behind the trailing shock the temperature and pressure are
very high. As the pressure drops to nearly ambient, turbulent diffu-
sion will become predominant~-swallowing up more and more momentum and
finally spreading to a point where the whole momentum deficiency is
associated with turbulence.

A calculation based on the above model needs the following g
prioxi knowledge: (a) the position and thickness (in terms of mass,
momentum, and energy) of the neck, (b) pressure profiles downstream
of the neck, and (c) a model for the estimation of the rate of energy
diffusion due to turbulence. The first two items presume the solution
of the near-wake problem with an answer describing the interaction of
the trailing shock with the free shear layer, a rather difficult and
still unsolved problem. As a rough approximation one may obtain some
information for the first two items by solving the inviscid problem
over a sphere followed by a cone, which takes the place of the shear
layer, and then a cylinder fitted at the neck. Shadowgraph pictures
can be used for guidance in prescribing the above geometry. Such cal-
culations are reported in Ref. 3. For item (c) the only choice of-
fered is the extension of the subsonic eddy-diffusivity theories to
the compressible case., Such an extension is provided in Refs. 3 and
5. Both references present an equivalent eddy diffusivity é’given in
terms of the incompressible eddy diffusivity ¢ as

2
1+
s- I:ﬂg).] j‘ (12)
Pe

*
Some preliminary results are reported in Ref. 4.



In the above, P(0) indicates the mass density at the axis, and Df the
density at the "front" of the turbulent core (see Fig. 1); j takes
the value O for the two-dimensienal case and 1 for the axisymmetric.

At this point let it be stated that there is no rigorous theere-
tical understanding even of the rudiments of shear turbulence; what
has been accomplished over so many years of study is the replacement
of our ignorance by one or more "factors of adjustment’ which can be
conveniently selected to fit the experiments. For instance, for tur-
bulent flow in a pipe we have the numerical coefficient of proportion-
ality yielding the linear law of variatien of the mixing length,
whereas for wakes we select the numerical value of a constant of pro-
portienality yielding ¢, a number akin to a Reynolds number. Now ¢
(as will be seen later) is also proportional to the drag coefficient,
and in the problem at hand, the drag asseciated with the turbulent
core is variable in the direction of the streum.* It is therefore
suggested in Ref, 3 that experimental evidence should also be used
in deciding between the two extreme cases of a coefficient propor-
tional to a frozen drag (say the one at the neck) or local drag.

From a logical point of view one necessarily concludes that the
artificial mechanisms of eddy diffusivity and mixing length explain
nothing of the true nature of turbulence. In essence they are used
to provide definitions and numerical values for quantities whose in-
trinsic existence can be justified only by the fact that they some-
times provide adequate answers in much wider regions of observation
without additional forcing, although they are adjusted to satisfy the
experimental evidence in a restricted area. From this point of view,
the merit of a semiempirical theory is judged by the degree of uni-
versality of the answer for a minimum number of factors of adjustment.

Bearing this in mind, we will attack the problem at hand by as-
suming that the inviscid-enthalpy profile prevailing in the "laminar
region" is given by Eq. (10). Inside the turbulent core we assume a
parabolic profile extending up to the distance ;¥ characterizing the
turbulent front.

*
In contrast to the subsonic case in which the turbulent core
encompasses all the drag.



In the limit r -« 0, where the energy equation will be satisfied
in detail along the axis, a parabolic profile is the only one satis-
fying this equation. In the radial direction, energy will be con=-
served in bulk between r = 0 and r = = in the fashion of the well-
known boundary-layer integral methods. We will compute eddy diffu-
sivity through Eq. (12), using for ¢ its incompressible definition,(6)
and bearing in mind that this definition is strictly valid only in
the neighborhood of the axis of symmetry. _

In every physical detail the above is the physical model adopted
by Lees and Hromaa;(3) however, the mathematical model and approxi-
mations of the present work are different, yielding a closed-form
solution rather than a solution necessitating extensive numerical

calculations.
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The equation of conservation of energy for an axisymmetric wake
is

n@ - (o)

Here again € is the Boussinesq turbulent eddy diffusivity. For the

velocity u, we set

where f is between 0.8 and 1.0.

In Eq. (13) we have neglected the contribution of the normal ve-
locity component in the convective heat transfer, any cooling due to
pure expansion, and also the contribution due to molecular heat con-
duction, We now define the turbulent Howarth variable ‘1‘ from the
transformation

PR ARy = prdr (14)

In the above, p_ i8 the mass density prevailing at the turbulent fromt.
f

From the semiempirical wake theory, we oet(6)

€=« [uf - u(O)] '*rf . d (15)

From the approximate conservation of the stagnation enthalpy, we also
have

- (L%'—i)llm(uw -u) (16)
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Writing the above at r = 0O and r = rf, we have
('L-;—I)[uf - u(O)] U, = hO) -h, 17)

Substitution in Eq. (15) yields (for j = 1)

£ h, h(0) - h,
vd " “(1%:) 7 B | T (18)

Now let the turbulent profile, assumed to be parabolic, be expressed
as an excess of the enthalpy at the turbulent front by the equation

h-h
_h—i = A(;)B<&'> (19)
Ry
£

where

RGN

In the neighborhood of the axis we can set
2 2
PRy = Pr (21)

We now use Eqs. (19) and (21) in Eq. (18) to calculate € at the axis,
since the equation of energy conservation will be satisfied in detail
only there. The result is

he 1/2 -
2 [}
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The above was first derived i{n Ref. 3. At the axis, Eq. (13) yields,
after introduction of the variable &r, the diffusivity é , and the
approximation of Eq., (21), the following:

3 Y B
3 - ae{ti- L&) e @

The factor 4 in Eq. (23) enters because x is nendimensionalized with
respect to the nose diameter d, whereas R {s nondimensionalized with
respect to ro.

The quantity in brackets above can be calculated easily frem
Eqs. (19) and (20). The result is

&, ﬁ&(ig_ ¢ (24)
ax X
In the neighborhood of r = 0 we have™
pR: = "f’*r: (25)
and hence
g .- ﬁf%gi). ;fig & (26)

The left-hand side of this equation is now calculated at r = 0 with
the help of Eq. (19)

*
As shown in Ref. 3 from a conservation-of-mass argument, we

2 2
have By - (0g/o Ry = (v - 1)u2cDﬁ/8(1 +H). If we use Eq. (8),
the quantity in the right<hand side is approximately equal to
(3/4)Cnﬁ » @ very small quantity compared with the other terms except

very close to the neck.
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= BA(a )
* . (a: { vl @7

Jx

Appendix B shows that it is legitimate to neglect the reduction of
the inviscid enthalpy at the front due to the mechanism of molecular
conduction, so that from Eq. (10) we obtain

a e 2}mf +3A(R‘_)- cmE 28)
2 2\ Ry [ g
£
cp\l + &)

Before we can solve this equation for R., we need to evaluate
the function A(Rf). This is done in Appendix C, where a calculation
is made of the amount of energy (or equivalent drag in terms of the
local drag coefficient C ) contained within the turbulent core at
a given station x. The tStal amount of energy (or total amount of
drag) between r = 0 and r = © remains, of course, constant along x,
so that the difference in the drag of the turbulent core at two dif-
ferent axial stations is exactly equal to the difference of the energy
(or drag) contained by the inviscid-energy profiles at the same two
stations.* After some approximations in Appendix C, we obtain
Eq. (C-7), which for convenience is combined here with Eq. (C-4).

¢y (v = D
ARy = —‘——— -(-7—3—1)!-2— (29)
R Ry L%
cD cD

fi

We now use in Eq. (24) the expressions for A(Rf) and € from Eqs. (29)
and (22). After some algebra we find

*
Uniform pressure is assumed in this argument.



p(o0)
- + — — . = pc2 N
2\2 2 -
ool + o) ofRea el [ (12£) 2 Rep oot
D CD DCD CD 2 CD CD
fi £i

(30)

We now calculate the density ratio p(0)/p_ by assuming an ideal gas
and using Eqs. (10)* and (29)

Pa_ | h©) P 1 Pa_
;—zc—)-)— = —(h:l‘p_(BT -{1+hQ+A(Rf)}P(0)

B, (-0 | P=

2 2 2 p(0)
- 1+ Ef. En_ + 5‘.
Cp cnfi p

Substitution of the above in Eq. (30) yields, after seme rearrange-
ment and integration

— -

2 .2 )2
B LR
B2 . S R
J’_: 6 +<4—~bb 14+H 1 + 6 H
Cp 2z [ R\ /22 # V%
+ 5 + £ i + WU 3 D
1+2 1+3 c. ¢
D D o, O
— \ s -
- M I\/@ d;+ (const) (32)
+
(1_2_1) fﬁb P

This equation gives the growth of the turbulent core in the Howarth

*
In this step we add one to the right-hand side of Eq. (10) in
order to make it an exact equation as R - ®, since the density ratio
must be accurate for both small and large R,
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plane. In Appendix D, by using the ideal gas law, we calculate Rf
as a function of the physical co-ordinate ;f after using Eq. (10).

The result, repeated here, is

2
R
=2 _ P= |2 £
rf P(o) Rf + CDl'lln (1 + cD ) (33)

Now the function ;E(;) could be calculated if we knew the quantities

p(0)/p,» the constant of integration, K, and Rf 2/C

i'“p,°*

As has been mentioned hefore, the pressure ratigip(O)/p° can
only be given by solving exactly the interaction problem of the trail-
ing shock with the wake core. Since such a solution is not available,
the approximations of Ref. 3 described in the Introduction of this
Memorandum are appropriate. The constant of integration appearing in
Eq. (32) can be set equal to a value giving the position of the neck
and its thickness as observed in experiments; this was also the pro-
cedure adopted in Ref. 3. It is obvious that the value of this con-
stant has an influence only a very few diameters downstream from the
neck.

The value of x is again offered as an additional arbitrary param-
eter, but the remarkable thing is (as mentioned in Ref. 3) that ex-
perimental evidence suggests the same value used in subsonic wakes.
This value is approximately equal to 0.035.

Finally, an estimate must be made of the quantity Rfizlcbfi'
From Eq. (29), recalling the definition for A(x) from Eq. (19), we
find

Eni
- b (34)
CDfi hl(O: hﬁl

For the ratio hfilh“ we may use the value h_ /h,, given by Bq. (10),
o

since initially we are very clese to the axis.
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An exact computatien of the ratio hi(o)/h. is not possible, since
the near-wake problem remains unsolved., However, the physical de-
scription of Ref. 7 could be used as a guide. If we assume that the
"dividing streamline"” brings the fluid to rest just at the center of
the neck, the enthalpy for an insulated body will be approximately
equal to the stagnation enthalpy (for Prandtl number of order one).

If heat transfer is allowed at the body, then this enthalpy will be
smaller.

Now let A be the fraction of the stagnation enthalpy* to which
hi(O)/h. is equal. For the reason explained above we shall treat X

as an additional free parameter. The ratio an/cD depends og A
fi
only and can be calculated from Eq. (34) after use is made of Eq. (8):

R 2
i & NRPOR W
fi 2 6

For the values of RHZ/CD = 3,4, 6, 8, 10, and 12, the corre~
fi

sponding A's = 1,0, 0.83, 0.67, 0.58, 0.53, and 0.50.

We proceed now to examine the asymptotic character of Eq. (32)
for small and large distances downstream. It is easy to establish
that for small values of Rf, Eq. (32) gives

2\2

R 72«C
n: E-n- (1 + H) (——J-y- f dx + (const)  (36)
D P
fi
If we approximate Eq. (33) for small Rf's and use Eqs. (8) and (35),
the above becomes
12xC
-3 A1 2 P -
TS = v - (2. —=— dx + (const)  (37)
£ 1;: £ (2 J I p(0) ne

*
The stagnation enthalpy is equal to hst/hw > (y - 1)H2/2 = 3H.
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At high values of Rf, when the influence of the parameter Rﬁz/cD
fi
ceases to exist, Eq. (32) becemes
3. % - 8)
£ L+ £,
2
It is thus concluded that the value of Rﬁz/cD and H (and hence

fi
the Mach number) is only significant during the initial period of the

process. Very far downstream, only the drag CD (essentially equal to

D is so small) affects the growth of the
fi
wake, exactly as in the subsonic case., For all the cases studied,

the total drag, since C

this distance is of the order of 1000 diameters downstream. In a
log-log presentation, the straight line of Eq. (37) can assume a
higher or lower position relative to Eq. (38). The position will be
higher at the higher Mach numbers and higher values of A (no heat-
transfer effects), as one would expect on physical grounds.

The function r.(x, R, 2/C. ) for M = 8.5 is plotted in Fig. 3
f fi Dfi
for the several values of A, along with the experimental data of

Ref. 8. It is seen that the influence of the facter A is limited

2
/C cannet be
fi Dfi

decided from the experiments, since the scatter is high at the smaller

at high ;, and certainly an exact value for A or R

x's where the influence of A is stronger. For Fig. 3, the constant
of integration of Eq., (32) was set equal to zero, Given a set of
values of C

and A, the quantity R_, is fixed, and hence so is T,,.

Dfi fi £fi
For different values of CD but fixed A's we will have different
- fi -
rfi's, which, however, should physically correspond to the same Xg.

The value of ;; should be selected from experimental observation, and
the constant of integration accordingly fixed so that the curve goes
through the point ;}i’ ;;. _?his procedure amounts to an appropriate
sliding of the co-ordinate x by a constant (positive or negative)
value. In Fig. 3 the curve obtained in Ref., 3 allowing for pressure
variation is shoyn, along with another one in which the pressure was
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kept constant everywhere, It should be noted that the curves of

Fig. 3 obtained in Ref. 3 correspond to the value Rﬁz/CD = 10;
fi
it is seen that the agreement with Eq. (32) is very good.

In Fig. 4 the function ;?(;) is shown plotted for different

values for RHZ/CD and M = 22, Here again the constant of inte-
fi
gration in Eq. (32) is set equal to zero. In the same figure the

3

210 was taken in Ref. 3 to be equal to about ll.
fi Dfi

It is apparent that even when adjustment is made for the curve cor-

curves calculated for constant and variable pressure are shown.
The quantity R

responding to Rﬂz/CD = 10 or 12 to pass through the point X = 7.5
- fi
and re = 1.8, the agreement with Ref. 3 is not as good in the present

case as it was for the case M = 8,5, It should be noted, however,
that the general trend of the curve‘;f(;) is the same as the one of
Ref. 3. The numerical differences (certainly small when considering
the scatter of the usual experimental data obtained in the ballistic
range and the crude character of the semiempirical turbulent theory
used) are due to the fact_Fhat the function ;E(;) depends on the
slopes of bgfh functions hf and A, as can be seen from Eq. (27).
Since both hf and A (Eqs. (10) and (29)) provide inflection points,
differences are to be expected when comparing results with other ana-
lytical representations of these curves, which are in good agreement
in the ordinates but have significant differences in the slopes.

In Fig. 5 a plot similar to Figs. 3 and 4 is shown for M = 16,

Observation of Figs. 3, 4, and 5 shows that for small and very
high X the turbulent core (pressure variation apart) grows with the
1/3 power of x according to Eqs. (37) and (38). In Fig. 6 the value

of the quantity Rﬁz/cD is kept constant (equal to 10), and the
_ £1
curve rf(x) is plotted for Mach numbers equal to 8.5, 16, and 22,

The pressure has been kept constant, and the constant of integration
of Eq. (32) has been set equal to zero. Note that the influence of
the cooling by expansion is stronger for the high Mach numbers (and
is present also over longer distances downstream).

In Appendix E, Figs. E-1 through E-6 give the function ?f(i) for
several Mach numbers and values of the parameter Rﬁz/cD

fi
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1l R THE CASE OF CONES AND SLENDER BODIE

The basic difference between the case of the turbulent wake be-
hind a blunt body, such as analyzed in the previous section, and that
of a slender one is that in the first geometry, high temperatures are
developed at the stagnation point where the flow comes to rest by
hitting the wall perpendicularly, whereas in the second, high temper-
atures are developed in the boundary layer where the flow comes to
rest through the action of the viscous forces which act parallel to
the wall, In the case of blunt bodies it was found that most of the
momentum deficiency was located in the inviscid flow through the ac-
tion of the shock wave, with high characteristic enthalpies prevail-
ing at the cross section x = x, equal to about 1/3 the stagnation en-
thalpy (H =~ (y - 1)H2/6 ~'Hst/3). The distribution of the drag at
the neck was such that cD >> CDfi. Consider now as an extreme the
cagse of a thin cone. Even at high Mach numbers the oblique shock
wave formed at the tip decelerates the flow very little, and hence
the inviscid enthalpies are very low compared with the enthalpies
prevailing inside the boundary layer or at the neck.

Figure 7 shows schematically the relative position at the neck
of the enthalpy profiles for the viscid and inviscid parts of the two
cases under discussion. The inviscid solutions are for an infinite
thin cone and a hemisphere-cylinder and are modified at the neck by
two parabolic profiles. The case of a blunted cone will lie some-
where between the curves for a pure cone and hemisphere-cylinder. As
pointed out in Ref. 9, the shock wave in the neighborhood of the tip
is given reasonably well by the cylindrical blast-wave theory based
on the curvature of the nose, whereas far from the body the same is
true if the radius of the base is taken into consideration. The re-
gion in between is approximated by a conical shock which allows for
a slight recompressibility zone. The exact shape of the shock wave
is needed for the determination of the enthalpy profile at the cross
section x = X, where the pressure is almost ambient. In the fashion
of Ref, 1 this distribution can be obtained in terms of the shock
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Fig. 7 — Schematic enthalpy distribution at the neck in
the wake of a blunt body and a thin cone
for the same Mach number
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angle B by using the regular conditiens across the sheck wave and ex-
panding isentropically along each different-entropy streamline. This
procedure yields

hx (®R) 1 +(L-;—]-'-)M2 sinzﬁ
= = T (39)
] l= =
2 2 - Y.
[(Y—_"_ll')ﬁz sinﬁ-zT'L] L
where
2 271"}
sin“P = [1 + (dRsldx) ] (40)

The term Yo is an effective specific-heat ratio which accounts for

real gas effects. For blunt bodies, was found to be approximately

¥
L
equal to 1.2 in Ref. 1, For thin, slender cones, YL should approach
the value 1.4, since the temperatures for this case are lower by far.
The distance x = x, is located where the angle of the shock wave be-

comes the Mach angle, or

2 - 1 -
sin Bo = 1 H2 (41)
(4R _/dx)?

Equatien (41) is an exact one, valid for both thin and blunt bodies
*
but not for infinite cones,
We new write the energy equation (Eq. (13)) without making spe~-

cific substitutiens for the functions ;g and A, We have

R, [ 2 > -
o + 9-4—-] ,\/1 +h. +A) = dR_ = =8redx 42)
2 [ﬁf dR P he p@ e f(.l_;_fj(—y - 1 (

The term hf can be obtained from Eq. (39) by making R = R On

f.
*a finite cone will have a shock wave bent towards the center
line by virtue of the interaction with the expansion fan.
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the other hand, the expression fer A(Rf) foeund in Appendix C needs

> C is net
D Dfi

valid, and as a consequence Eq., (C-6) must be used, This equation

no modificatien except that now the approximation C

is reproduced below for continuity after combination with Eq. (29):

Cp (v - 1)M? )
R R
£ R 2( 1 _1_)+ _f
£1 | C c c
b, D D

Bquation (42) can now be integrated by using Eqs. (39) and (40) for
the determination of Ef. and Eq. (43) for the function A, 2

Let us now consider as an example the case for which M"sin“B is
a large number in order for the following approximation of Eq. (39)
to be permissible:(see Appendix F for a detailed discussion of this
assumption)

hxo(R) X (u)(m)( i Y_L) [ 2 ] YL

h 1+ (dR_/dx)"2

We may neglect for convenience the quantity in the second parenthesis,
8o that

h (R) ) YL
o y = 1 M
>~ - (44)
h, ( 2 ) [1 + (dR_/dx) 2]
As in the case of the blunt body let us set
h  (R)
© .1+ H (45)
h, 1/y
[1 + (n;)'z] L
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The prime indicates differentiation with respect to the co-ordinate

of the shock wave x, not to be confused with the distance downstream

from the neck over which we study the growth of the turbulent core.
Differentiation of Eqs. (43) and (45) and substitution in Eq, (42)

yield, after some algebra

g £
1+ H Y + &y - 1)5% 4R
X [ n 2/1_ 1 §§ ‘
1+ (n')'z] R (— - —>+
s £1 | C c. )¢
o, 0/ %
4 kC
_D p(0) -
(1) '\/;) dx (46)

From the above we see clearly the strong dependence of the growth of
the turbulent core on the second derivative (or curvature) of the
shape of the shock wave.

As a limiting case we further study in some detail the case of a
pure cone in the approximation stinzﬁ >> 1., 1In this case we set the
factor f >~ 1, and from Eq. (4) we see that R, is exactly equal to the
Howarth variable R, Also, 1if @ is the angle of the cone (assumed
small), we have for the shape of the shock

R, = R -( 1-1;J~)o x

2 (47)

From Eq. (44) we also find
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H > (L; 1) [u (i;J) O]Z/YL 48)

Equation (42) becomes

( 2/ 1/2
YL
y -1 y+1 .
2 ( 2 )["( L)OJ & =1
Byl 27v, ) dR,
+ 1) 2 R 2(1 <L + £
1+ (L—-z @ £1 cDﬂ Cp D
\.
- p0) -~
AKCD o dx (49)

The second expression under the radical on the left~hand side, repre-
senting the inviscid effects, is negligibly small for small © compared
with the third part, which contains the strong viscous effects. We
now integrate Eq. (49) in the limiting case of small x. We distin-
guish the following cases:

A. Let us assume that CD =C = CD.

D
f1 f
This is the case of very thin cones (a few degrees half
angle) and small Reynolds numbers. Pressure variation

apart, Eq. (49) yields after integration

2 R 2
Ei - x - ;;) + -51- (50)
D (v - 1) c, D

<« C, << 1,0,
Dfi D

In this case the denominator of the last part under the
radical is approximated by R

we have

B. Let C

2/C « After integration
£i Dfi



2 R 2 3
—‘. - lgx £i (; - ;1) + _ﬁ'_ (51)

C c 3/2
D Ay - 1)“2% Dey Cp

For completeness and for the benefit of ready comparison we give be-

low the equivalent result for blunt bodies (Eq. (36)). We assume
(1 + £)/2£ = 1.0, but we incorporate the pressure term in an average

sense, since for blunt bodies, especially at high Mach numbers, it is

significant.
r N
2/3
R2 1/2 R,
£ . J2 & OO ] R i Y W + S G
c _ 17 7 o3
2 Ay - 1¥c avg D
®e oy n /2
. fi J
(52)
The decay of the enthalpy along the axis is given by Eq. (19) as
follews:
2/,
(52) [n(252)s]
o) . Pe,, o\ 2 . (v - DM
B - 2 21 L\.%
1+[(1%3- o] } Res <E'D" "é")*c
£1 D D
(53)
The equivalent result for a blunt body is
ho . (y-ind (v -nd (54)
h, 2\ r 2 R
6 1.'._:. J.L.....-‘.
c c C
D Df1 D

From Eq. (53) we see that in the case of a pure cone the part of the
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enthalpy due to the shock wave is negligibly small compared to the
part due to the viscous effects. From Eq. (54) we see that for small
X the reverse is true for blunt bodies.

We now examine the quantity anlcD in the case of cones. From
f1
Eq. (34), valid for all cases, we note that h1(°) > hﬁ, and hence

Eq. (34) reduces in terms of the parameter A to

S . % (55)

Bearing the above in mind, we use Eqs. (50), (51), and (55) in Eq. (53),
and Eqs. (35) and (52) in Eq. (54); we find the following:

For the case of a cone with CD = CD << 1 and for small x
fi
hy 2., 8« - %)
A i
(v - 1)H20D
fi
For the case of a cone with cD << CD << 1 and for small x
fi
(o) . (v - nd
hy : N
D D
2l . b | g —12x Z.(;_x)... 2 fi
A cD A i A CD
(v - ey
(57)

For the case of a blunt body with CD << CD =1,0

fi
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hﬂ
. ( = DM
3/2 2/3
C
o od 200 =X (p@l'? = o) [ 6 P
Pe i T\} -1,
ﬁ’(y - I)M?CD avg
(58)

The following conclusions can now be drawn from the above equations:

1. The level of the initial enthalpy at the neck is of the same
order for both blunt and slender bodies, since at the neck there is a
tendency for the stagnation enthalpy to be recovered at the point where
the dividing stream line of the free shear layer crosses the axis.

2. In the cases of cones or blunt bodies, the smaller the amount
of total drag, the higher the decay of the enthalpy, as one would ex-
pect intuitively. This is shown by the fact that the factor which
multiplies (x - xz) in Eqs. (56), (57), and (58) increases with smal-
ler CD.

3. Comparison of Eqs. (57) and (58), representing the most usual

cases in practice, shows that for the same M, A, and CD the enthalpy
fi
decays faster for a cone with CD << 1.0. Examination of the quanti-~

ties multiplying (x - ;;) in Eqs. (57) and (58) shows that their ratio
(for a value A\ = 1/2) {is equal to

4 (Cg)b P..
3 (CD) ¢ |p@
avg

where the subscripts b and ¢ stand for the blunt and conical bodies;

the pressure term refers to the blunt case, since for thin cones, cool-
ing by expansion is not significant. One can see that the pressure
cooling for the blunt bodies competes with the reduced drag mechanism
for slender bodies, especially at the high Mach numbers. From Ref, &4
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at M = 22 ve estimate (P(o)/pG)avg o 12 ang we see that even for
(CD)c = 0.1 the quantity multiplying (x - xi) in the conical case will
be a little higher when compared to the blunt case. On the other hand
one can see again by observing Eqs. (57) and (58) that the expression
containing % in the braces in Eq. (57) dominates faster the number to
its left, since this number is smaller than 6 (which corresponds to the
blunt case) as long as \ > 1/3.* The above effects are shown qualita-
tively in Fig. 8.

For the case of a blunted cone, the inviscid enthalpy distribution
will look qualitatively as shown in Fig. 9, due to the fact thz;)the

flow suffers a recompression in the conical part of the shock. Since
inflection points influence the growth of the turbulent core (see Eq.
(46)), through the second derivative R;', the growth curve ;f(;) will
contain a number of wiggles depending on the relative position of the
"viscous" parabolic profile with respect to the inviscid one. It might
be instructive to compare a spherically blunted cone and a pure cone
having the same total drag coefficient and flying at the same altitude
and Mach number. For the reasone explained above, we expect the growth
curve ?f(;) of the blunted cone to exhibit irregularities due to over-
expansions and recompressions. Eventually, at high distances x, when
the wake behaves like an incompressible one, both curves will tend asymp-~
totically toward the same straight line in the log-log representation.
This effect is shown in Fig. 10. On the other hand, it is easy to see
from Eq. (52) that the decay of the enthalpy at the axis will be slower
for the blunted cone in the initial stages than for the pure cone, re-
suming the same rate later on when the compressibility effects are again
absent. Numerical solutions for several conical geometries are reported
in Ref. 12.

*

This has been tacitly assumed in writing Eq. (35); physically it
means that the enthalpy at the neck must be higher than the enthalpy at
the cross section where the pressure is ambient.
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ﬁ(-)l Blunt body

Cone

X —————b

Fig. 8 — Schematic decay of the enthalpy at the axis
of a wake behind a blunt body and a cone for
the same Mach number
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Fig.9 — Schematic enthalpy profile at the neck
in the wake of a blunted cone
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Blunted cone

log 74

log X

Fig.l0— Schematic shape and reiative growth of the
turbulent core behind a blunted cone and a
cone of the same total drag coefficient
for the some Mach number
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IV. CONCLUSIONS

An attempt was made to study the growth of the turbulent core in
the wake behind blunt and slender bodies flying at hypersonic speeds.
An exact analysis is not possible because of incomplete understanding
of the following: (a) the flow in the near wake and the neck where
a recompression occurs through the trailing shock; (b) the mecharism
of transition to turbulence; (c) the structure of fully established
turbulent flow in a compressible wake.

In order to compensate for problem (a) above, we treat the quan-
tity of the enthalpy at the center of the neck as an additional param-
eter, and we proceed to study its effect, Problem (b) is more serious.
In the present work we assume that fully established turbulence starts
at the neck. Evidence from ballistic-range experiments(lo) suggests
that this is the case at the higher densities, whereas at lower den-
sities the transition point (roughly defined by the distance where the
intermittency region appears) could appear many diameters downstream.
The theory presented here can easily be modified to take into account
this last effect, provided that the initial conditions from the point
vwhere the turbulent flow is fully established are known. For problem
(c), the best that can be done is to extend our semiempirical knowledge
on the subsonic wakes to the hypersonic case as suggested in Ref. 3.
Only detailed comparison of many of the quantities predicted by the
theory will show to what extent this procedure is correct. It must
be admitted that the growth of the turbulent core is not the most sen-
sitive indicator (temperature decay would be better), but it appears
that the theory is in good agreement with ballistic-range experiments.

In this work, a number of approximations have been made so that
the final results would be in a closed form, in order that the differ-
ent trends for a great variety of cases could be appreciated without
the need for detailed numerical calculations. On the basis of such a
study, the following conclusions can be drawn:

1. All bodies produce rates of growth for the turbulent core
which are higher for higher Mach numbers and hotter viscous cores.

The effects of both Mach number and enthalpies prevailing at the neck
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are cancelled out a few hundred diameters downstream, where the core
grows with the 1/3 power of distance multiplied by the drag coefficient
and the cross section.

2. Blunted cones produce growths with more irregularities be-
cause this geometry creates overexpansions and recompressions.

3. The level of enthalpies at the neck for all bodies flying at
the same altitude and Mach number is of the same order of magnitude
(smaller for slender bodies after allowance is made for boundary-layer
effects), but the decay of the enthalpy along the axis of the wlkeiis
faster for a cone than for a blunted body, even when both cone and

blunted body may have the same total drag coefficient,
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Appendix A

ON O A E PO ON

L
AILMO ENT
THE INVISCID WAKE OF A BLUNT BODY
In Ref. 1 it was shown that the value of the enthalpy on the
axis of the wake of a blunt body and at the distance X, where the

pressure i3 ambient is given as

h, (@) /v
Yo o (y - 1) [v + 1] oty @a-1)

h

It was also shown that, independent of Mach number, YI. ~ 1.2, It is
easy to see that the quantity in brackets in Eq. (A-l) is very close
to one. Hence

h_ (0)
x . 2/y,
= = () (-2)

Assuming conservation of the stagnation enthalpy, we can show that(l)
h (0)
2 -y 2 L (A-3)
(v - DM h

f

Comparing the last two equations, we find

1
fzml--——-z—hl-gl——
(z-—) M
L
M
or
£ = [1--4 (A-4)
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This relation shows that £ is highly insensitive to variations in

Mach number. Some values are computed in the following table:

M £

10 eceveees 0.73
15 eeeeeees 0,77
20 oo s e e 0080
25 e 0000 0 0081
30 coveeses 0.82
35 ceseeses 0,83
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Appendix B

INFLUENCE OF THE LAMINAR COOLING AT THE FRONT
OF _THE TURBULENT WAKE

From Ref. 1 it is found that

WA
4 _X
1+u° méo

h(o,X) - 1 .
h(o,0) - € (8-1)
4+ X
n_ fPrP
© o
where
x/t oUT
= () = 2% 0 -
X = with Re ™ (B-2)
Let us choose
bl ~ 2, £=~0.8, Pr = 0.7, B, =S
Then the above becomes
1+ 23
M = -—1—.——- e cDRe (3_3)
h(o,0) -
1+ 29x
CDRe

-y -
Using the approximation e * = (1 + xz) 1, which is compatible with

Eq. (10) and the findings of Ref. 1,
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ooy ™ — 2 - 2 - 2ox . (B-4)
1] ———
1e2i ) s B 1 +R +Recn
D 1+£2L
CoRe

The last term in the denominator can be neglected if

29 x_ 2 .
Re C << R (B-5)

Now at large X we have x ~ 2R3 (see Fig. 3); hence the above yields

7l

- -2/3
X << (K)
CD 2

or

ReC

3
x < g 29D) (8-6)

From the data of Ref. 8 the minimum Reynolds number of all ex-
periments reported is approximately equal to 104. Setting CD = 1.0
we find

3

_ 4
x << (;o_) ~ 8.5 x 10° (B-7)

P )
N

This is indeed a very high number.
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Appendix C
EVALUATION OF THE FUNCTIONS A AND CD IN

f

TERMS OF THE HOWARTH VARIABLE R

The total drag at any given distance downstream ;, associated

%
with the turbulent core only, is
g
(Drag)f = 2m I; pu(u - uf) rdr (c-1)

Through Eqs. (16), (19), and (20), the above becomes

2 2
"h,A(R)ro(RTii P f

(Dl.'ag)f = ; (I_L.ﬁ) (C-2)
2

We define a local drag coefficient C_. as

c, = —)——= (c-3)

Equation (C-2), after solving for A(R) and using Eq. (C-3), becomes

2
Cp Puly
AR) = (1.2%1)
h.(&rf) Pe

Since A(R) will only be used in the neighborhood of the axis, we have
from Eq. (25)

*
Assuming uniform pressure everywhere and zero velocity com=
ponent in the radial direction.
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CD (y - 1))42
aw = L () (©-4)
f

For simplicity we assume from now on that (1 + f£)/2f = 1.0.

Let us assume, for the puxposes of this Appendix only, that the
enthalpy distribution, which includes an equivalent drag coefficient

(C.. ) within the distance Rfi’ is given by the relation

Dey
h(R) . _-R°/B
h(R = o) e
We set
2
c R
D £ 2
el S L o (c-5)
D o

It is obvious that as R, -, C - C_ as it should. Integration

£ Df D
yields
c 2
D ~R./B
C_i = ] -c¢ £
D
For small Rf we have
c 2
D R
-—i ) 1 - 1 - f
S R B+r

2
* -
Note that the approximatiom e * = 1/(1 + x2) is,good for almost

all values of x between zero and infinity, whereas e X =1 - xz ob-

viously is limited to values of x that are very small compared to one.
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Now when R, =R_,, C. = C s hence
f fi D£ Dﬁ

2
- £ (C-6)

Dgy
2
R
Cp Ej'
ol e ©-n
D R
b T
¢, S
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Appendix D

CALCULATION OF r IN TERMS OF THE HOWARTH VARIABLE R
R _BLUNT BODJIE

The Howarth variable R is defined as
p_RAR = prdr

Assuming an ideal gas, the above is written as

dr

S‘IS’
.
)
L}

8

Through Eq. (10), this reduces to

-2 Pe

dr = 1+

dR

o

1+

If we assume the pressure p to be constant for all R, the above in-

tegrates to

o

2
2 = =|R?+cmutn(1+8
P D CD
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Appendix E

STUDY OF THE FUNCTION Ff(i) FOR DIFFERENT MACH NUMBERS AND
D A A

ER O NECK OF A BL BOD

Figures E-1 through E-6 show the function r (x) for Mach numbers
5, 7, 10, 13, 19, and 25. PFor each Mach number, the value of the

parameter Rfi/cb » which depends only on the percentage A of the stag-
fi
nation enthalpy prevailing at the center of the neck according to Eq.

(35), has been set equal to 3, 4, 6, 8, 10, and 12,
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Appendix F
APPROX ON OF El 9) WITH

We need only to make

Mzsinzﬂ >> v E 1 (r-1)

because we satisfy simultaneously the condition
Wein’p > L=d (F-2)

The above statement follows from the inequality

2 Y -1 ’
Y-1~ & (F-3)

which holds if

3-A/;<v<3+,\/? (R-4)

The above is always true.
Romig in Ref. 11 has found for conical flows allowing for dis-
sociation the approximation

M ginB > 0.39 + 1.03 M sin @ (F-5)

In the above, M is a reference Mach number defined by the relation

!

i

x
H|

(F-6)
R

with TR = 491.7°K, and @ the angle between the cone axis and the cone

surface,
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Making T = Tp and using Eq. (F=5) in (F-1) we find after some
algebra that inequality (F-~l1) is equivalent to

Msina > —Ldl g 3 (P-7)
Y - 1

for ¥ = 1,4 the above becomes
Msino >> 1,80 (F-8)

As an example, for a 20-deg cone M >> 5,25, and for a 10-deg cone
M >> 10,4,
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